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1 Introduction
1.1 General background
Higher spin gravity [1, 2] was originally aimed as a theory generalizing gravitational interac-
tions to arbitrary spin, understood to be integer or half-an-integer. However, in constantly
curved 2 + 1-dimensional backgrounds, one may lift this restriction, as there the isometry
algebras admit physical representations with fractional spins [3, 4], i.e. spins interpolating
between half-integer and integer numbers, which can be carried by particles carrying anyon
statistics [5, 6]; see [7] for a review. Thus, aiming at a complete description of interacting
relativistic fields in three dimensions, it is natural to ask whether fractional spin fields can
be coupled to the gravitational field and internal gauge fields.
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In [8], we proposed an action describing non-Abelian interactions among fractional
spin fields, tensorial higher spin fields and internal gauge fields using a flat connection
valued in a fractional spin algebra. The tensorial higher spin gauge fields are packaged
into a Blencowe-Vasiliev [9, 10] master one-form W valued in a bosonic higher spin algebra
forming a subalgebra of the fractional spin algebra and whose basis is given in terms of
monomials in Wigner-deformed oscillators. Likewise, the internal gauge fields make up a
bosonic one-form U valued in a compact real form of an infinite dimensional matrix algebra,
formally isomorphic to an algebra of Fock space endomorphisms. As for the fractional spin
fields, they are collected into two master fields (ψ, ψ) that intertwine the gravitational and
internal gauge algebras. Thus, the model constructed in [8] can be regarded in two ways:
either as an extension of the Blencowe-Vasiliev theory [9, 10] by internal and fractional spin
fields, or as a formal (real) analytical continuation of Chern-Simons supergravity in 2+1
dimensions [11, 12] whereby the gravitino fields are extended into fractional spin fields,
thus forcing the introduction of fields with spin greater than two.
On shell, the consistency of the construction relies on the associativity of the under-
lying fractional spin algebra, which was demonstrated in [8] using Fock space methods.
Off shell, however, the action requires a trace operation, whose precise form was conjec-
tured in [8], and whose explicit construction we shall tend to below. Our construction
is facilitated by extending Vasiliev’s supertrace operation [10] on the higher spin algebra
from its original domain of validity, which is the space of polynomials in the generators of
the deformed oscillator algebra, to the space of non-polynomial elements that spans the
internal gauge algebra and the intertwiners. As a concrete application of this result, we
compute the explicit relation between the gravitational and gauge couplings in the resulting
unified model.
1.2 Problem setting and main results
The field content of the model can be assembled into a matrix master field
A =
[
W ψ
ψ U
]
, (1.1)
valued in an associative1 fractional spin algebra A±, containing semiclassical bosonic (−)
or fermionic (+) fractional spin fields. The action proposed in [8] is of the standard Chern-
Simons format, viz.
S±[A] =
κ
2π
∫
M3
TrA±
(
1
2 A ⋆ dA+
1
3 A ⋆ A ⋆ A
)
, (1.2)
where thus the key ingredients are the associative product ⋆ (including the wedge product)
and a non-degenerate cyclic trace operation TrA± . Assuming their salient features, the
resulting equations of motion read
dA+ A ⋆ A = 0 , (1.3)
1The model can be projected further to a model based on a Lie algebra. However, thinking of it as
a truncation of a larger theory containing also matter fields, the notion of an associative gauge algebra
becomes crucial.
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or in components,
dW +W ⋆W + ψ ⋆ ψ = 0 , dU + U ⋆ U + ψ ⋆ ψ = 0 , (1.4)
dψ +W ⋆ ψ + ψ ⋆ U = 0 , dψ + U ⋆ ψ + ψ ⋆W = 0 . (1.5)
As found in [8], the standard bra-ket formalism for Fock space endomorphisms can be
augmented by a set of fusion rules, reflecting the couplings in eqs. (1.4)–(1.5), that suffice
for on-shell consistency. More precisely, the fusion rules stipulate how to perform the star
products in eqs. (1.4) and (1.5) and expand the results in the bases stipulated by the linear
terms while preserving associativity so as to achieve a Cartan integrable system.
The off-shell formulation, however, requires an algebraic machinery that facilitates a
trace operation that applies to both higher spin and internal matrix subalgebras. The
standard (unregularized) Fock space trace operation does not suffice as it does not apply
straightforwardly to polynomials in deformed oscillators.2 Instead, in [8], it was proposed
to realize the internal matrix subalgebra of A± using real-analytic non-polynomial symbols
and obtaining TrA± by extending Vasiliev’s supertrace operation [10] correspondingly, be-
yond its original domain of validity (given by the algebra of arbitrary polynomials in the
deformed oscillators). To this end, in order to demonstrate the salient features of the star
product and trace operation on A±, it suffices to establish the following conditions:
i) Finite star products in A± (from which associativity follows);
ii) Finite Vasiliev supertraces (which together with (i) implies cyclicity).
In what follows, we shall show that the matrix subalgebra of A± is realized in terms of
confluent hypergeometric functions of the spin operator, which establishes (ii). We shall
also verify a necessary condition for (i) to hold true, namely that the supertrace of the
square of two ground state projectors is finite, hoping to present a complete proof together
with a construction of a convolution formula for the deformed oscillator star product in
Weyl order and a related trace formula in a future work.
Moreover, assuming the consistency of the model, and focusing on the fermion model
(with internal k-parity σ = −1), we shall compute the aforementioned relations between
couplings, viz.
khs =
κ
16
(1− ν2)
(
1−
ν
3
)
, kint = κ ,
between the fractional spin coupling κ defined in (1.2), the higher spin coupling khs (related
to Newton’s constant GN as in (4.24)) and the level kint of the internal gauge theory.
The paper is organised as follows: in section 2, we define the algebraic structures of
our model. In section 3, we construct the symbols of the basis elements of the internal and
fractional spin sectors of the theory, analyse the properties of the extension of Vasiliev’s
trace operation and consider critical limits. Reality conditions and various projections are
studied in section 4, where we also establish the aforementioned relation between the grav-
itational and internal couplings. Finally, we conclude in section 5. Our three-dimensional
spinor conventions are given in the appendix.
2To our best understanding, it remains unclear whether a regularized Fock space trace operation could
be used to construct TrA± .
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2 Definition of the model
In this section we detail the basic algebraic structures going into the model.
2.1 Deformed oscillator enveloping algebra and supertrace
The higher spin fields are thus collected in a Blencowe-Vasiliev master one-form
W ∈ W++ ⊗ Cliff(γ) , (2.1)
where γ is an idempotent element introduced to account for the anti-de Sitter translations,
and W++ is an associative algebra given by a certain non-polynomial extension, to be
spelled out in section 2.2, of the enveloping algebra Aq(2; ν) [10] of the deformed oscillator
algebra [13, 14]3 (see also [15, 16])
[qα, qβ]⋆ = 2i(1 + νk)ǫαβ , {k, qα}⋆ = 0 , k ⋆ k = 1 , (2.2)
(qα)
† = qα , k† = k , ν ∈ R . (2.3)
By its definition, the algebra Aq(2; ν) consists of arbitrary star polynomials (of finite degree)
in (qα, k). In addition to the hermitian conjugation, which acts as (f ⋆ g)
† = g† ⋆ f †, this
algebra has a linear anti-involution τ defined by
τ(f ⋆ g) = τ(g) ⋆ τ(f) , τ(qα, k) = (iqα, k) . (2.4)
In general, certain algebraic properties of infinite-dimensional associative algebras, such as
unitarity and indecomposability of representations, crucially depend on the choice of basis.
As basis for Aq(2; ν) we choose the Weyl-ordered elements
Tα(n) := qα1 · · · qαn ≡ q(α1 ⋆ · · · ⋆ qαn) , (2.5)
and Tα(n) ⋆ k, where the symmetrization has unit strength. Equivalently, one may use the
projected elements
T σ,σ
′
α(n) := [qα1 · · · qαn ]
σ,σ′ := Πσ ⋆ q(α1 ⋆ · · · ⋆ qαn) ⋆Π
σ′ , Π± =
1
2
(1± k) , (2.6)
which are non-vanishing iff σσ′ = (−1)n. Correspondingly, we define the projections
Aq(2; ν)σ,σ
′
= Πσ ⋆ Aq(2; ν) ⋆Πσ
′
. (2.7)
One may thus represent the elements f ∈ Aq(2; ν) by polynomials in the semi-classical
basis elements qα1 · · · qαn and qα1 · · · qαnk := qα1 · · · qαn⋆k, referred to as their Weyl ordered
symbols, and which we shall denote by f as well, in a slight abuse of the otherwise more
involved notation. Thus, using this representation, the operator product amounts to a
3As our analysis only relies on the fundamental relations given in (2.2), it remains valid for any realization
of the deformed oscillators.
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non-local composition rule for symbols, which we shall denote by a ⋆ as well. As far as star
product compositions of monomials are concerned, they can be deduced by iterating
qα ⋆ Tβ(n) = Tαβ(n) + inǫα(β1
(
1 +
n+ 12(1− (−1)
n)
n(n+ 1)
νk
)
⋆ Tβ(n−1)) , (2.8)
or its projected form
qα ⋆ T
σ,σ′
β(n) = T
−σ,σ′
αβ(n) + inǫα(β1
(
1−
n+ 12(1− (−1)
n)
n(n+ 1)
νσ
)
⋆ T−σ,σ
′
β(n−1)) . (2.9)
It follows that Aq(2; ν) does not contain any ideal for
Non-critical ν /∈ 2Z+ 1 , (2.10)
while for (ℓ = 0, 1, 2, . . . ; σˆ = ±1)
Critical ν ≡ (2ℓ+ 1)σˆ ∈ 2Z+ 1 (2.11)
it contains the ideal
Aq′(2; ν) =
⊎
n>0
[
T σˆ,σˆ
α(2ℓ+2n) ⊕ T
σˆ,−σˆ
α(2ℓ+1+2n)
]
, (2.12)
giving rise to the finite dimensional coset
Aq(2; ν)
Aq′(2; ν)
∼= gl(2ℓ+1) = gl(ℓ)σˆ,σˆ⊕gl(ℓ+1)−σˆ,−σˆ A
[
(ℓ, ℓ+ 1)σˆ,−σˆ ⊕ (ℓ+ 1, ℓ)−σˆ,σˆ
]
, (2.13)
where (ℓ, ℓ+1) and (ℓ+1, ℓ) denote the ℓ(ℓ+1)-dimensional bi-fundamental representations
of gl(ℓ)⊕ gl(ℓ+ 1), realized as suitably Π±-projected odd polynomials.
Turning to Vasiliev’s cyclic trace operation on Aq(2; ν), it is given by [10]
TrAq(2;ν)(·) = STrAq(2;ν)(k ⋆ (·)) , (2.14)
where the graded cyclic supertrace operation STrAq(2;ν) is fixed uniquely by its defining
properties
STrAq(2;ν)(f ⋆ g) = STrAq(2;ν)(g ⋆ k ⋆ f ⋆ k) , STrAq(2;ν)(1) = 1 . (2.15)
Thus, if f has a definite parity, viz. k ⋆ f ⋆ k = (−1)ff , then STrAq(2;ν)(f ⋆ g) =
(−1)fSTrAq(2;ν)(g ⋆ f). In the Weyl ordered basis, one has
STrAq(2;ν) T
σ,σ′
α(n) = δn,0 δ
σ,σ′ (1− σν)
2
. (2.16)
More compactly, by representing f using its Weyl ordered symbol f(q, k), one has
STrAq(2;ν)(f) = f(0;−ν) , (2.17)
that is, the trace operation maps the Kleinian k to −ν inside the symbol. In critical limits,
one has
STrAq(2;ν)Aq
′(2; ν) = 0 , (2.18)
which means that in critical limits the model is truncated to
W ∈ gl
(
ℓ+
1
2
(1 + σˆ)
)
⊗ Cliff(γ) . (2.19)
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2.2 Non-polynomial extension and fractional spin algebra
In order to describe the fractional spin model, we extend the enveloping algebra Aq(2; ν)
into an associative algebra moduleMq(2; ν) that contains two dual subspaces as follows: We
first introduce the formal associative extension Aq(2; ν) of Aq(2; ν) consisting of elements
f with Weyl ordered symbols given by power series
f(q, k) =
∞∑
m=0
∑
n=0,1
fα(m)qαa · · · qαnk
n , (2.20)
that we shall assume are traceable using the natural extension of (2.14). In order to specify
this extension, we need to introduce suitable dual basis elements, cf. the addition of points
at infinity to a non-compact manifold. The dual elements form a dual associative algebra
Aw(2; ν), which will turn out to consist of Wigner distributions that have fixed eigenvalues
under the one-sided action of the spin operator belonging to lowest or highest weight spaces.
To this end, we choose the Lorentz connection to be the gauge field in W associated
with the so(1, 2) ∼= sl(2;R) algebra generated by
Ja =
1
4
(τa)
αβJαβ , Jαβ =
1
2
q(α ⋆ qβ) ⋆Π
+ , (2.21)
using the conventions given in appendix A. By this embedding of the Lorentz algebra into
the gauge algebra, it follows that T++
α(n) (n = 0, 2, 4, . . . ), and hence the corresponding gauge
fields, transform in the adjoint representation of spin n/2, which are thus integers. The
fields (ψ, ψ), on the other hand, transform under Lorentz transformations in representations
induced by the separate left and right star multiplication by Jαβ , respectively. Indeed, by
examining the Casimir operator C2 ≡ j(1 − j), one finds that these representations are
characterized by a spin j = 1+ν4 , which contains a fractional part, not given by an integer
or half-an-integer, except for
critical ν ∈ 2Z+ 1 . (2.22)
To specify these representations, we assume that they are equipped by basis states that
diagonalize the spatial spin generator4
J0 =
1
2
w ⋆Π+ , w =
1
4
(τ0)
αβqα ⋆ qβ . (2.23)
Furthermore, for a complete specification, one needs to specify whether and how this
operator is bounded or not. For definiteness, we shall take
Aw(2; ν) =
⊕
σ,σ′;ǫ;λ,λ′
T σ,σ
′
λ|ǫ|λ′ , (2.24)
to consist of finite linear combinations of generalized quasi-projectors T σ,σ
′
λ|ǫ|λ′ ∈ Aq(2; ν)
obeying the “⋆-genvalue” equation
(w − λ) ⋆ T σ,σ
′
λ|ǫ|λ′ = 0 = T
σ,σ′
λ|ǫ|λ′ ⋆ (w − λ
′) , (T σ,σ
′
λ|ǫ|λ′)
† = T σ
′,σ
λ′|ǫ|λ , ǫ = ±1 , (2.25)
4Other classes of fractional spin models arise if one instead chooses to diagonalize a boost or a light-like
spin generator.
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and belonging to one-sided representations of Aq(2; ν) in which ǫw is bounded from below.5
Thus, accounting for the internal gauge fields as well, one is led to the basic fractional spin
algebra6
A(2; ν|w) :=
[
W++ I+−
I
−+
U−−
]
, (2.26)
consisting of the spaces
W++ = Π+ ⋆ Aq(2; ν) ⋆Π+ , U−− = Π− ⋆ Aw(2; ν) ⋆Π− , (2.27)
I+− = Π+ ⋆ Aw(2; ν) ⋆Π− , I−+ = Π− ⋆ Aw(2; ν) ⋆Π+ , (2.28)
where Aw(2; ν) is the extension of of Aw(2; ν) by infinite-dimensional traceable matrices.
The associative product law of A(2; ν|w) is defined by a fusion rule, which one may think
of as a germ of an underlying topological open string, that stipulates that: i) the product
of an arbitrary polynomial and a quasi-projector is always to be expanded in the basis of
quasi-projectors; and ii) the product of two quasi-projectors is to be expanded in terms of
the basis of quasi-projectors or the basis of Weyl-ordered monomials in accordance with the
sector to which the product belongs.7 Thus, returning to the abstract module, we define
it formally as
Mq(2; ν) = Aq(2; ν) ∪
(
Aq(2; ν) ∩Aw(2; ν)
)
, (2.29)
which thus contains Aq(2; ν) and Aw(2; ν) as two dual subalgebras. There is an asymmme-
try between these two spaces, as the construction overlap requires Aw(2; ν) to be mapped
to Aq(2; ν) while it does not require any converse map. In other words, the module, thought
of as a manifold, is glued together via a monomorphism ρ : Aw(2; ν) → Aq(2; ν). Thus,
in order to define the trace operation on Mq(2; ν), it suffices to introduce a trace oper-
ation TrAq(2;ν) on Aq(2; ν) and show that it extends to ρ(Aw(2; ν)), viz. TrAw(2;ν)(f) =
TrAq(2;ν)(ρ(f)), to which we shall turn next.
2.3 Discrete generators, trace operation and Chern-Simons action
To treat the cases of Grassmann even or odd fractional spin fields uniformally and to
account for anti-de Sitter translations, we introduce a fermionic generator ξ and a bosonic
generator γ whose non-trivial relations are
ξ ⋆ ξ = 1 , γ ⋆ γ = 1 , (2.30)
and extend the fractional spin algebra (2.26) into
A± = [A(2; ν|w)⊗ Cliff(γ)⊗ Cliff(ξ)]± , (2.31)
5The algebra Aw(2; ν) is a subalgebra of the algebra Awext(2; ν) spanned by quasi-projectors T
σ,σ′
λ|(ǫ,ǫ′)|λ′
belonging to one-sided representations of Aq(2; ν) in which the left action of ǫw and the right action of ǫ′w
are bounded from below; the space Awext(2; ν) \ Aw(2; ν) thus consists of quasi-projectors that connect
states in lowest (highest) weight spaces to highest (lowest) weight spaces. For example, for ν = 0 one has
T
σ,σ
ǫ
2
|(ǫ,−ǫ)|−
ǫ
2
= πδ(a−ǫ).
6In [8] we used an auxiliary Fock space F to define the fractional spin subalgebra A(2; ν|o(2)J0 ;F) of
Aw(2; ν) obtained by restricting to the subspace in which w is bounded from below.
7The fusion rule does not require that a monomial admits any expansion in the basis of quasi-projectors.
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consisting of Grassmann even elements
X =
[
X++ X+−
X
−+
X−−
]
(2.32)
that obey the internal parity condition
πqπξ(X) = C± ⋆ X ⋆ C± , C± =
[
1 0
0 ±1
]
, (2.33)
where πq and πξ are the automorpisms of the star product algebra that reverse the sign of
qα and ξ, respectively. Thus, the elements X
++ and X−− are ξ independent and hence W
and U have expansions in terms of bosonic component fields. In the case of A−, the same
holds for (X+−, X−+) and (ψ, ψ). In the case of A+, the elements (X+−, X
−+
) are linear
in ξ and hence (ψ, ψ¯) have expansions in terms of fermionic component fields. In other
words, the semi-classical statistics of the component fields is correlated with the internal
parity defined by the πq map, such that the components of parity even elements are bosonic
while those of parity odd elements are fermionic in A+ and bosonic in A−. More explicitly,
Fermionic fractional spin fields (A+): (ψ, ψ¯) = (Θ ⋆ ξ, ξ ⋆Θ) , (2.34)
Bosonic fractional spin fields (A−): (ψ, ψ¯) = (Σ,Σ) , (2.35)
where thus Θ and Σ have expansions in terms of bosonic symbols in Aw
+,−
(2; ν) multiplied
by component fields that are fermions and bosons, respectively.
Turning to the trace operation, we use the fact that the fermionic Clifford algebra
Cliff(ξ), which by its definition consists of Grassmann even elements of the form X =
X0 + X1ξ, where thus X0 is a boson and X1 is a fermion, has the supertrace operation
8
STrCliff(ξ)(X) = X0, which thus obeys STrCliff(ξ)(X ⋆ X
′) = STrCliff(ξ)(X ′ ⋆ ξ ⋆ X ⋆ ξ).
The bosonic Clifford algebra Cliff(γ), which by its definition consists of Grassmann even
elements of the form Y = Y0+Y1γ, has a two-parameter family of trace operations, namely
Tr
(y,y˜)
Cliff(γ)(Y ) =
y
2 (Y0 + Y1) +
y˜
2 (Y0 − Y1), where y, y˜ ∈ R.
As for Aq(2; ν) and Aw(2; ν), we extend Vasiliev’s supertrace operation STrAq(2;ν)
given in (2.17), which is valid for arbitrary polynomials stricto sensu, by a procedure that
is formally reminiscent of the fusion rule: the operator in the argument of the trace is
first expanded in the Weyl ordered basis (2.20) and the resulting symbol is then evaluated
using (2.17). As we shall show below, this extension of STrAq(2;ν), that we shall denote by
STrAq(2;ν), preserves its salient features, viz.
STrAq(2;ν)(f ⋆ g) = STrAq(2;ν)(g ⋆ k ⋆ f ⋆ k) , (2.36)
and if STrAq(2;ν)(f ⋆ g) = 0 for all g then f = 0.
8The supertrace operation, which is intrisically bosonic, induces an intrinsically fermionic trace operation
TrCliff(ξ)(X) = STrCliff(ξ)(ξ ⋆ X) = −X1, which does not play any role in the present class of models.
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Combining the operations introduced so far with the standard trace operation on Mat2,
we are led to equip the extended fractional spin algebra with the following trace operation:
Tr
(x)
A±X = TrAq(2;ν)Tr
(1+x,−1+x)
Cliff1(γ)
STrCliff1(ξ)TrMat2X ⋆ C∓ (2.37)
= TrAq(2;ν)Tr
(1+x,−1+x)
Cliff1(γ)
STrCliff1(ξ)(X
++ ∓X−−) (2.38)
= STrAq(2;ν)
(
k ⋆ γ ⋆ (X++ ∓X−−)
)
|γ=x (2.39)
= STrAq(2;ν)
(
γ ⋆ (X++ ±X−−)
)
|γ=x , (2.40)
where x ∈ R is a chiral symmetry breaking parameter. In view of the claimed properties
of STrAq(2;ν), we thus have
Tr
(x)
A±X ⋆ X
′ = Tr(x)A±X
′ ⋆ X , (2.41)
and that if Tr
(x)
A±X ⋆X
′ = 0 for all X then X′ = 0. In order to expand the action (1.2), one
decomposes
A = A(L) ⋆
1
2(1 + γ) + A(R) ⋆
1
2(1− γ) , (2.42)
where A(c) (c = L,R) are γ-independent. The action, which is thus the natural fractional
spin generalization of chirally asymmetric Chern-Simons (super)gravities [17, 18], thus
takes the form
S
(x)
± [A] =
κ
2π
∫
M3
Tr
(x)
A±
[
1
2 A ⋆ dA+
1
3 A ⋆ A ⋆ A
]
(2.43)
=
1 + x
2
S±[A(L)]−
1− x
2
S±[A(R)] , (2.44)
where the chiral action (c = L,R)
S±[A(c)] =
κ
2π
∫
M3
[
LCS(W(c))± LCS(U(c)) +
1
2 STrAq(2;ν)
(
ψ(c) ⋆ Dψ¯(c) ± ψ¯(c) ⋆ Dψ(c)
)]
,
(2.45)
is defined in terms of the Chern-Simons Lagrangian
LCS(W(c)) = STrAq(2;ν)
[
1
2 W(c) ⋆ dW(c) +
1
3 W(c) ⋆ W(c) ⋆ W(c)
]
, (2.46)
idem LCS(U(c)) and the covariant derivatives
Dψ(c) = dψ(c)+W(c)⋆ψ(c)+ψ(c)⋆U(c) , Dψ(c) = dψ(c)+U(c)⋆ψ(c)+ψ(c)⋆W(c) . (2.47)
3 Construction of quasi-projectors
In this section we construct the non-polynomial elements, or Wigner distributions, in the
fractional spin algebra. We shall show that they form an associative and traceable algebra
provided that the square of a certain ground state quasi-projector is finite (see eq. (3.23)),
which is the main hypothesis underlying our construction, and that we hope to demonstrate
fully elsewhere. In the present paper, we show its validity to the first 2 orders in an
expansion variable, and each time, to all orders in ν .
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3.1 Creation and annihilation operator basis
To construct the quasi-projectors it is convenient to change from the Lorentz covariant
basis (2.3) to a basis of O(2)J0 covariant deformed creation and annihilation operators
a± = u±αqα , u+αu−α = −
i
2
, (u±α )
† = u∓α . (3.1)
These operators obey
[a−, a+]⋆ = 1 + νk , {k, a±}⋆ = 0 , (a±)† = a∓ , (3.2)
from which follows the contraction rules
a± ⋆
[
(a∓)m(a±)n
]σ,σ′
=
[
(a∓)m(a±)n+1
]−σ,σ′
(3.3)
∓
m
2
(
1−
m+ n+ 12(1− (−1)
m+n)
(m+ n)(m+ n+ 1)
νσ
)[
(a∓)m−1(a±)n
]−σ,σ′
,
[
(a∓)m(a±)n
]σ,σ′
⋆ a± =
[
(a∓)m(a±)n+1
]σ,−σ′
(3.4)
±
m
2
(
1−
m+ n+ 12(1− (−1)
m+n)
(m+ n)(m+ n+ 1)
νσ
)[
(a∓)m−1(a±)n
]σ,−σ′
,
where [
(a+)m(a−)n
]σ,σ′
≡ (u+α)m(u−α)nT σ,σ
′
α(m+n) , (3.5)
using a shorthand notation in which (u±α)m = u±α1 · · ·u±αm . In this basis, the spin
operator (2.23) and the basic commutation rules involving it and the deformed oscillators
take the form
w = a+a− = 12 {a
−, a+}⋆ , [w, a±]⋆ = ±a± . (3.6)
Writing wm = (a+)m(a−)m, one also has the useful relations
a± ⋆ [wm]σ,σ =
[
a±
(
wm ∓
m(2m+ 1− νσ)
2(2m+ 1)
wm−1
)]−σ,σ
, (3.7)
and
w ⋆ [wm]σ,σ =
[
wm+1 + λσmw
m−1]σ,σ , (3.8)
aǫ ⋆ [wm]σ,σ ⋆ a−ǫ =
[
wm+1 + ǫ µσmw
m + λ˜σmw
m−1
]−σ,−σ
, (3.9)
where we have defined
λσm = −
m2
4
(2m+ 1− νσ)(2m− 1 + νσ)
(2m+ 1)(2m− 1)
, (3.10)
µσm = −
1
2
(2m+ 1− νσ) , λ˜σm =
m2
4
(2m+ 1− νσ)(2m− 1− νσ)
(2m+ 1)(2m− 1)
. (3.11)
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3.2 Non-critical versus critical ν
From (3.8) and (3.10) it follows that if
ν /∈ 2Z+ 1 (non-critical ν) , (3.12)
then all eigenvalues of w are non-degenerate and all quasi-projectors are descendants of
the ground state quasi-projectors
T σǫ ≡ T
σ,σ
λσǫ,0|ǫ|λσǫ,0 , (3.13)
obeying
a−ǫ ⋆ T σǫ = 0 , λ
σ
ǫ,0 =
ǫ(1 + νσ)
2
, (3.14)
which makes T σǫ into a lowest (highest) weight state for ǫ = + (ǫ = −). The resulting
spectrum of generalized quasi-projectors and corresponding eigenvalues is given by
T σm,σn
λσǫ,m|ǫ|λσǫ,n := (a
ǫ)⋆m ⋆ T σǫ ⋆ (a
−ǫ)⋆n , m, n ∈ {0, 1, 2, . . . } , (3.15)
λσǫ,m = ǫ
(
m+
1
2
(1 + νσ)
)
, σm = (−1)
mσ . (3.16)
However, when
ν ∈ 2Z+ 1 (critical ν) , (3.17)
then the spectrum degenerates, as illustrated in figure 1, and singular quasi-projectors arise,
leading to an indecomposable structure to be examined below once we have completed the
definition of the model.
3.3 Projectors in non-critical case
For non-critical ν, we define the ground state quasi-projectors
T σǫ =
∞∑
m=0
fmw
m ⋆Πσ , f0 = 1 , (3.18)
obeying
a−ǫ ⋆ T σǫ = 0 = T
σ
ǫ ⋆ a
ǫ , STrAq(2;ν)T
σ
ǫ =
1
2
(1− νσ) . (3.19)
Using (3.7), one finds a recursive relation for fm with a unique solution with f0 = 1,
given by
fm =
(−2ǫ)m
m!
(
3
2
)
m(
3−νσ
2
)
m
, (3.20)
where the Pochhammer symbol (a)n is given by 1 if n = 0 and by a(a+ 1) · · · (a+ n− 1)
if n = 1, 2, . . . Hence, using the definition of the confluent hypergeometric function, viz.
1F1(a; b; z) =
∑
n>0
(a)n
(b)n
zn
n!
, (3.21)
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we have
T σǫ = 1F1
(
3
2
;
3− σν
2
;−2ǫw
)
⋆Πσ , (3.22)
which obeys (w − λσǫ,0) ⋆ T
σ
ǫ = 0 by virtue of (3.8).
The rest of our analysis will be based on the assumption that T σǫ ⋆ T
σ
ǫ is finite and
non-vanishing, which is equivalent to that
T σǫ ⋆ T
σ
ǫ = (N
σ
ǫ )
−1 T σǫ , N
σ
ǫ ∈ ]0,∞[ , (3.23)
in view of the uniqueness of the solution to (3.19). The normalized ground state projector
is then defined as follows:
P σ,σ
λσǫ,0|ǫ|λσǫ,0 ≡ P
σ
ǫ = N
σ
ǫ T
σ
ǫ , P
σ
ǫ ⋆ P
σ
ǫ = P
σ
ǫ . (3.24)
In this section, we will prove that (3.23) holds true to zeroth and first order in the variable
w , and this, to all orders in ν . That the equation (3.23) is true to all orders in w can be
proven by a direct, though tedious analysis that we will present elsewhere.
Let us first prove (3.23) to zeroth order in w . The normalization can be obtained from
(N σǫ )
2STrAq(2;ν) (T
σ
ǫ ⋆ T
σ
ǫ ) = N
σ
ǫ STrAq(2;ν) T
σ
ǫ , (3.25)
using
STrAq(2;ν)T
σ
ǫ = STrAq(2;ν)Π
σ =
1
2
(1− νσ) , (3.26)
and
STrAq(2;ν)(T
σ
ǫ ⋆ T
σ
ǫ ) =
∑
m,n
fmfnSTrAq(2;ν)(w
m ⋆ wn ⋆Πσ) , (3.27)
where
STrAq(2;ν)(w
m ⋆ wn ⋆Πσ) = δm,nSTrAq(2;ν)(w
m ⋆ wm ⋆Πσ) , (3.28)
from which it follows that
STrAq(2;ν)(w
m ⋆ wm ⋆Πσ) = STrAq(2;ν)(w ⋆ · · · ⋆ w︸ ︷︷ ︸
m times
⋆wm ⋆Πσ) =
1
2
(1− σν)
m∏
n=1
λσn , (3.29)
where we have used (3.8) and (3.10). Hence,
(N σǫ )
−1 =
∞∑
m=0
(fm)
2
m∏
n=1
λσn (3.30)
= 2 2F1
(
1 + νσ
2
, 2;
3− νσ
2
;−1
)
− 2F1
(
1 + νσ
2
, 1;
3− νσ
2
;−1
)
(3.31)
= 2 2F1
(
3 + νσ
2
, 2;
3− νσ
2
;−1
)
(3.32)
=
1
2
(1− νσ) , (3.33)
– 12 –
J
H
E
P
0
1
(
2
0
1
6
)
1
7
3
where we have used Gauss’ contiguous relations between hypergeometric functions followed
by Kummer’s evaluation formula.
In order to prove (3.23) to the first order in w , we can use the structure constants of
the lone-star product [19] (see also [20]) in the form9
wm ⋆ wn =
2m∑
p=0
C(m,n)p w
m+n−p (3.34)
where
C(m,n)p =
(
1
2
)p 1
p!
Nm,np φ
(m,n)
p (ν) , (3.35)
Nm,np =
p∑
r=0
(−1)r
(
p
r
)
[m]r[m]p−r[n]r[n]p−r , (3.36)
and
φ(m,n)p (ν) = 4F3

ν
2
, 1−
ν
2
, −
p
2
, −
p− 1
2
1− 2m
2
,
1− 2n
2
, n+m− p+
3
2
; 1
 . (3.37)
Defining the operator ∆(·) := d(·)
dw
∣∣∣
w=0
, to first order in w we have
∆(T σǫ ⋆ T
σ
ǫ ) = 2
∞∑
m=0
fm+1fmC
(m,m+1)
2m , (3.38)
giving, after some algebra,
∆(T σǫ ⋆ T
σ
ǫ ) = 2
∞∑
m=0
(−2ǫ)m+1(32)m+1
(m+ 1)!(3−σν2 )m+1
(−2ǫ)m(32)m
m!(3−σν2 )m
(
1
2
)2m
(−1)m(2)2m
(5−ν2 )m(
3+ν
2 )m
(52)m(
3
2)m
= 2
(−2ǫ) 32
3−σν
2
∞∑
m=0
(2)m(
5−ν
2 )m(
3+ν
2 )m
(5−σν2 )mm!(
3−σν
2 )m
(−1)m . (3.39)
Taking σ = +1 for the sake of definiteness and without loss of generality (as we can always
revert the sign of ν in the final result), we obtain
∆(T+ǫ ⋆ T
+
ǫ ) = 2 f1
∞∑
m=0
(2)m(
3+ν
2 )m
m!(3−ν2 )m
(−1)m = 2 f1 2F1
[
3+ν
2 , 2;
3−ν
2 ;−1
]
,
=⇒ ∆(T+ǫ ⋆ T
+
ǫ ) =
1− ν
2
f1 , (3.40)
where we used Kummer’s theorem to evaluate the hypergeometric function. We have thus
proven the correctness of (3.23) to zeroth and first orders in w , and each time, to all
orders in ν .
9The result can also be obtained by brute force [21, 22].
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Thus, for non-critical ν and under the assumption made on (3.23), the ground state
projectors are given by
P σǫ =
2
1− νσ
1F1
(
3
2
;
3− σν
2
;−2ǫw
)
⋆Πσ . (3.41)
Their supertraces are given by10
STrAq(2;ν) P
σ,σ
ǫλ0|ǫλ0 = 1 . (3.42)
From these ground state projectors descend matrices of generalized projectors
(P σm,σnǫ )λσǫ,m
λσǫ,n =
2
1− νσ
Cσǫ,mN
σ
ǫ,mN
σ
ǫ,n T
σm,σn
λσǫ,m|ǫ|λσǫ,n , (3.43)
where the normalization and conjugation coefficients are given by
N σǫ,m = |η
σ
ǫ,m|
−12 , Cσǫ,m =
ησǫ,m
|ησǫ,m|
, (3.44)
respectively, where the coefficients
(a−ǫ)⋆m ⋆ (aǫ)⋆m ⋆ T σǫ = η
σ
ǫ,mT
σ
ǫ . (3.45)
More explicitly, we have ησǫ,0 = 1 and
ησǫ,m = ǫ
m
m∏
n=1
(
n+
1
2
(1− (−1)n)σν
)
for m = 1, 2, . . . . (3.46)
The usage of the conjugation coefficients in (3.43) implies the reality condition((
P σ,σ
′
ǫ
)
λ
λ′
)†
= C ⋆
(
P σ
′,σ
ǫ
)
λ′
λ ⋆ C , (3.47)
where the conjugation matrix [8, 16]
C =
∑
m,ǫ,σ
Cσǫ,m (P
σm,σm
ǫ )λσǫ,m
λσǫ,m . (3.48)
Turning to the supertrace of the generalized projectors, they are given by
STrAq(2;ν) [P
σm,σn
ǫ ]λσǫ,m
λσǫ,n =
2 Cσǫ,mN
σ
ǫ,mN
σ
ǫ,n
1− νσ
STrAq(2;ν)
[
(aǫ)⋆m ⋆ T σǫ ⋆ (a
−ǫ)⋆m
]
=
2 Cσǫ,mN
σ
ǫ,mN
σ
ǫ,n
1− νσ
STrAq(2;ν)
[
(aǫ)⋆m ⋆
m∑
n=0
fnw
n ⋆ (a−ǫ)⋆m
]
=
2(−1)m Cσǫ,mN
σ
ǫ,mN
σ
ǫ,n
1− νσ
STrAq(2;ν)
[
(a−ǫ)⋆m ⋆ (aǫ)⋆m ⋆
m∑
n=0
fnw
n
]
=
2(−1)m Cσǫ,mN
σ
ǫ,mN
σ
ǫ,n
1− νσ
STrAq(2;ν)
[
(a−ǫ)⋆m ⋆ (aǫ)⋆m ⋆ T σǫ
]
, (3.49)
10The ν-independence of (3.42) (to be compared with the remark below eq. (2.41) in [8]) is in accordance
with realizing (a±, k) using undeformed oscillators b± obeying [b−, b+]⋆ = 1 [8, 16]. The vacuum projectors
Pσǫ can then be represented in Aq(2; 0) by 2 exp(−2ǫb
+b−)⋆Πσ with STrAq(2;0)
(
2 exp(−2ǫb+b−) ⋆Πσ
)
= 1.
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where we have allowed ourselves to exchange the order of sums and supertraces and used
STrAq(2;ν)
(
(aǫ)⋆m ⋆ wn ⋆ (a−ǫ)⋆m
)
= 0 = STrAq(2;ν)
(
(a−ǫ)⋆m ⋆ (aǫ)⋆m ⋆ wn
)
n > m ,
(3.50)
and the graded cyclic property of the supertrace operation in the algebra of polynomials.
Thus, it follows from (3.44) and (3.45) that
STrAq(2;ν) (P
σm,σn
ǫ )λσǫ,m
λσǫ,n = (−1)mδmn , (3.51)
as one can indeed verify explicitly by making repeated use of (3.9), (3.44) and (3.46).
Finally, under the assumption that (3.23) holds true, it follows from (3.43) that(
P σ,σ
′
ǫ
)
λ
λ′ ⋆
(
P σ
′′,σ′′′
ǫ
)
λ′′
λ′′′ = δσ
′σ′′δλ
′
λ′′
(
P σ,σ
′′′
ǫ
)
λ
λ′′′ , (3.52)
which in its turn implies the graded cyclic property of the supertrace operation.
In summary so far, the salient features of the fractional spin algebra, namely its as-
sociativity and traceability using the extension of Vasiliev’s supertrace, thus hinge on the
finiteness of the normalization coefficient N σǫ in (3.23), which we hope to demonstrate in
a forthcoming work by using a convolution formula for the star product in Aq(2; ν). Since
we have proven the correctness of (3.23) to the first 2 orders in w , we believe it holds true
to all orders.11
3.4 Quasi-projectors for critical ν = ±3,±5, . . .
Turning to critical ν, we first consider the case
ν = σˆ(2ℓ+ 1) , ℓ = 1, 2, 3, . . . , σˆ = ±1 , (3.53)
leaving the hyper-critical case ν = ±1 to the end. Letting T̂ σǫ denote the corresponding
critical ground state quasi-projectors in Aq(2; ν), i.e.
a−ǫ ⋆ T̂ σǫ = 0 , (w − λ
σ
ǫ,0) ⋆ T̂
σ
ǫ = 0 , λ
−σˆ
ǫ,0 = ǫℓ , λ
σˆ
ǫ,0 = ǫ(ℓ+ 1) , (3.54)
we can take
T̂−σˆǫ = lim
ν→(2ℓ+1)σˆ 1
F1
(
3
2
;
3 + σˆν
2
;−2ǫw
)
⋆Π−σˆ = 1F1
(
3
2
; ℓ+ 2;−2ǫw
)
⋆Π−σˆ , (3.55)
which is a non-singular quasi-projector leading to the projector
P̂−σˆǫ =
1
ℓ+ 1
1F1
(
3
2
; ℓ+ 2;−2ǫw
)
⋆Π−σˆ . (3.56)
On the other hand, from
ν − (2ℓ+ 1)σˆ(
3−σˆν
2
)
n
→
 0 for n 6 ℓ− 1 ,2(−1)ℓσˆ
(ℓ−1)!(n−l)! for n > ℓ ,
(3.57)
11Using the basic star product formula to evaluate the left-hand side of (3.23), we expect the coefficient
of wm to be a sum of pFq(· · · ; · · · ; z) functions evaluated at z = −1.
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and (
3
2
)
n
=
(
3
2
)
ℓ
(
3
2
+ ℓ
)
n−ℓ
, n > ℓ , (3.58)
it follows that
lim
ν→(2ℓ+1)σˆ
(ν − (2ℓ+ 1)σˆ) 1F1
(
3
2
;
3− σˆν
2
;−2ǫw
)
⋆Πσˆ =
2ℓ+1ǫℓσˆ
(
3
2
)
ℓ
ℓ!(ℓ− 1)!
T̂ σˆǫ , (3.59)
where we have defined
T̂ σˆǫ =
[
wℓ1F1
(
ℓ+
3
2
; ℓ+ 1;−2ǫw
)]σˆ,σˆ
. (3.60)
This element obeys
a−ǫ ⋆ T̂ σˆǫ = 0 , (w − ǫ(ℓ+ 1)) ⋆ T̂
σˆ
ǫ = 0 , (3.61)
which can indeed be checked using (3.8). Moreover, by taking the limit of the normalization
condition (3.25), under the assumption that T̂ σˆǫ is supertraceable, one finds
T̂ σˆǫ ⋆ T̂
σˆ
ǫ = 0 , (3.62)
that we refer to as T̂ σˆǫ being a singular quasi-projector, which can hence not be normalized
to form a projector. To analyze descendants, we first use (3.8) and (3.10) to show that if
T̂ σλ;p =
∞∑
m=p
fσmw
m ⋆Πσ , (w − λ) ⋆ T̂ σλ;p = 0 , f
σ
p = 1 , (3.63)
then one has one of the following cases:
(p, σ) = (0, σˆ) , λ ∈
{
±(ℓ− 1),±(ℓ− 3), · · · ,±12(1 + (−1)
ℓ)
}
, (3.64)
(p, σ) = (0,−σˆ) , λ ∈
{
±ℓ,±(ℓ− 2), · · · ,±12(1− (−1)
ℓ)
}
, (3.65)
(p, σ) = (ℓ, σˆ) or (ℓ+ 1,−σˆ) (no condition on λ) , (3.66)
and T̂ σˆλ;ℓ and T̂
−σˆ
λ;ℓ+1 are unique while T̂
σ
λ;0 belongs to a two-dimensional solution space.
We note that the first case in (3.66) corresponds to the singular ground state quasi-
projector, viz.
T̂ σˆǫ(ℓ+1);ℓ = T̂
σˆ
ǫ . (3.67)
The quantization of λ in eqs. (3.64) and (3.65) follows from the fact that {f σˆm}
ℓ−1
m=0 and
{f−σˆm }ℓm=0 must obey the homogenous equation systems
f σˆm−1 − λf
σˆ
m − λ
σˆ
m+1fm+1 = 0 , λ
σˆ
m = −
m2(m2 − ℓ2)
4m2 − 1
≡ λm(ℓ) , (3.68)
f−σˆm−1 − λf
−σˆ
m − λ
−σˆ
m+1fm+1 = 0 , λ
−σˆ
m = λm(ℓ+ 1) , (3.69)
– 16 –
J
H
E
P
0
1
(
2
0
1
6
)
1
7
3
which have rank r = ℓ+ 12(1− σˆ), leading to the characteristic equations
det

λ −λ1(r) 0 · · ·
−1 λ −λ2(r) 0 · · ·
0 −1 λ −λ3(r) 0 · · ·
... 0 −1
. . .
. . .
. . .
... 0
. . .
...
. . .
. . .
. . .
. . . λ −λr−1(r)
−1 λ

= 0 . (3.70)
Thus, descending from the non-singular quasi-projector one encounters an (2ℓ+ 1)-plet of
quasi-projectors
T̂
−σˆ(−1)m,−σˆ(−1)m
ǫ(m−ℓ)|ǫ|ǫ(m−ℓ) = (a
+ǫ)⋆m ⋆ T̂−σˆǫ ⋆ (a
−ǫ)⋆m , m = 0, 1, . . . , 2ℓ , (3.71)
all of which have finite supertraces, that is, the element T̂−σˆm,−σˆm
ǫ(m−ℓ)|ǫ|ǫ(m−ℓ) contains a non-
trivial component along T̂−σˆm
ǫ(m−ℓ),0. One also has
τ(T̂−σˆm,−σˆm
ǫ(m−ℓ)|ǫ|ǫ(m−ℓ)) = T̂
−σˆm,−σˆm
−ǫ(m−ℓ)|−ǫ|−ǫ(m−ℓ) . (3.72)
Descending one step beyond T̂−σˆ,−σˆ
ǫℓ|ǫ|ǫℓ one reaches the T̂
σˆ,σˆ
ǫ(ℓ+1)|ǫ|ǫ(ℓ+1) which is proportional
to the singular projector T̂ σˆǫ , i.e. there exists a non-trivial coefficient C
σˆ
ℓ such that
T̂ σˆ,σˆ
ǫ(ℓ+1)|ǫ|ǫ(ℓ+1) = C
σˆ
ℓ T̂
σˆ
ǫ , (3.73)
which is indeed compatible with the cyclicity of the supertrace. In summary, we have
verified necessary conditions for the supertraceability of the algebra Aw(2; ν) in the critical
cases ν = ±3,±5, . . . . The resulting indecomposable structure, illustrated in figures 2
and 3, is given by
Aw(2; ν) =
Aw(2; ν)
Aw′(2; ν)
B Aw′(2; ν) , (3.74)
where the ideal
Aw′(2; ν) =
⊕
ǫ
∞⊕
m,n=0
[
T̂
(−1)mσˆ,(−1)nσˆ
λσˆǫ,m|ǫ|λσˆǫ,n ⊕ T̂
(−1)mσˆ,(−1)nσˆ
λ−σˆǫ,m+2ℓ+1|ǫ|λ−σˆǫ,n+2ℓ+1
]
, (3.75)
and hence the coset
Aw(2; ν)
Aw′(2; ν)
=
⊕
ǫ
2ℓ⊕
m,n=0
T̂
−(−1)mσˆ,−(−1)nσˆ
λ−σˆǫ,m|ǫ|λ−σˆǫ,n
(3.76)
∼=
⊕
ǫ
gl(2ℓ+ 1)ǫ (3.77)
=
⊕
ǫ
(
gl(ℓ)σˆ,σˆ ⊕ gl(ℓ+ 1)−σˆ,−σˆ A
[
(ℓ, ℓ+ 1)σˆ,−σˆ ⊕ (ℓ+ 1, ℓ)−σˆ,σˆ
])
ǫ
, (3.78)
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Figure 1. Distribution of the eigenvalues λσǫ,m of w for ℓ = 3 and σˆ = −1. The dashed verti-
cal lines indicate relations between generalized quasi-projectors. In the finite dimensional sector,
these elements span two-dimensional solution spaces. In the infinite dimensional sector, these are
proportional modulo the rescalings given in (3.59) and (3.73).
which we identify as two copies of the coset (2.13) arising in Aq(2; ν) in the critical limit. It
is worth mentioning that the appearing of ideal subalgebras in the polynomial basis (2.20)
for critical ν was already noticed in [10], which is also related to the existence of finite
dimensional matrix representations of the deformed Heisenberg algebra [16]. Our achieve-
ment in this section has been to understand the structure of the algebra of projectors in
this critical limit using the tools of symbol calculus.
3.5 Example: ν = −3
If ν = −3, that is, if ℓ = 1 and σˆ = −1, then the basic contraction formulae read:
w ⋆ [wm]+,+ =
[
wm+1 −
m2(m+ 2)(m− 2)
(2m+ 1)(2m− 1)
wm−1
]+,+
, (3.79)
w ⋆ [wm]−,− =
[
wm+1 −
m2(m+ 1)(m− 1)
(2m+ 1)(2m− 1)
wm−1
]−,−
, (3.80)
a+ ⋆ [wm]+,+ ⋆ a− =
[
wm+1 − (m+ 2)wm +
m2(m+ 1)(m+ 2)
(2m+ 1)(2m− 1)
wm−1
]−,−
, (3.81)
a+ ⋆ [wm]−,− ⋆ a− =
[
wm+1 − (m− 1)wm +
m2(m− 1)(m− 2)
(2m+ 1)(2m− 1)
wm−1
]+,+
. (3.82)
The generalized lowest weight state projector
T̂++ =
[
1F1
(
3
2
; 3;−2w
)]+,+
, a− ⋆ T̂++ = 0 , (w − 1) ⋆ T̂
+
+ = 0 . (3.83)
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Figure 2. The two sets of singular quasi-projectors T̂
(−1)m,(−1)n
λ
+
ǫ,m|ǫ|λ
+
ǫ,n
for σˆ = +1. These are isomorphic
to the two sub-ideals drawn in figure 3.
The descendant quasi-projectors within the triplet representation are given by
T̂−,−0|+|0 = a
+ ⋆ T̂++ ⋆ a
− = −4
[
1F1
(
3
2
; 2;−2w
)]−,−
, (3.84)
T̂+,+1|+|1 = a
+ ⋆ T−,−0|+|0 ⋆ a
− = −4
[(
1− 2w
d
dw
− w2
d2
dw2
)
T̂++
]+,+
, (3.85)
which indeed have w eigenvalues in accordance with the notation. Descending once more,
we find
T̂−,−2|+|2 = a
+ ⋆ T̂+,+1|+|1 ⋆ a
− = 32T̂−+ , (3.86)
where the singular quasi-projector
T̂−+ =
[
w 1F1
(
5
2
; 2;−2w
)]−,−
. (3.87)
One can also check the agreement between computing the supertraces of the above equa-
tions either by direct evaluation or by using the graded cyclicity followed by a− ⋆ a+ =
w + 12(1 + νk).
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Figure 3. The decomposable structure of the set of quasi-projectors T̂
−(−1)m,−(−1)n
λ
−
ǫ,m|ǫ|λ
−
ǫ,n
for σˆ = +1 and
ℓ = 1. The coset consists of the quasi-projectors encircled by dashed lines. Within the remaining
ideal there resides two sub-ideals, separated by solid lines, that are isomorphic to the two sets of
singular quasi-projectors depicted in figure 2.
3.6 The hypercritical cases: ν = ±1
In the hypercritical case we have
T̂ σˆǫ = lim
ν→σˆ
[
1F1
(
3
2
;
3− σˆν
2
;−2ǫw
)]σˆ,σˆ
=
[
1F1
(
3
2
; 1;−2ǫw
)]σˆ,σˆ
, (3.88)
T̂−σˆǫ = lim
ν→σˆ
[
1F1
(
3
2
;
3 + σˆν
2
;−2ǫw
)]σˆ,σˆ
=
[
1F1
(
3
2
; 2;−2ǫw
)]σˆ,σˆ
, (3.89)
with w eigenvalues
w ⋆ T̂−σˆǫ = 0 , (w − ǫ) ⋆ T̂
σˆ
ǫ = 0 , (3.90)
as can be see explicitly using
w ⋆ [wm]σˆ,σˆ =
[
wm+1 −
m4
(2m+ 1)(2m− 1)
wm−1
]σˆ,σˆ
, (3.91)
w ⋆ [wm]−σˆ,−σˆ =
[
wm+1 −
m2(m2 − 1)
(2m+ 1)(2m− 1)
wm−1
]−σˆ,−σˆ
. (3.92)
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Using
a+ǫ ⋆ [wm]−σˆ,−σˆ ⋆ a−ǫ =
[
wm+1 − ǫ(m+ 1)wm +
m3(m+ 1)
(2m+ 1)(2m− 1)
wm−1
]σˆ,σˆ
, (3.93)
one can show that
a+ǫ ⋆ T̂−σˆǫ ⋆ a
−ǫ = −2ǫT̂ σˆǫ , (3.94)
which is indeed consistent with supertraceability. Finally, we have
P̂−σˆǫ = T̂
−σˆ
ǫ , T̂
σˆ
ǫ ⋆ T̂
σˆ
ǫ = 0 , (3.95)
that is, the element T̂ σˆǫ is a singular quasi-projector while T̂
−σˆ
ǫ is normalizable.
4 Final specification of the model
In this section, we provide the final specifications of the model, in the form of reality
conditions and further projections of odd spins. We then compute the resulting relation
between the higher spin gravitational and internal gauge couplings.
4.1 Real forms
A real form of the model can be obtained by imposing [8]
A
† = −C ⋆ A ⋆ C , C =
[
1 0
0 C ⋆Π−
]
, (4.1)
where the generalized charge conjugation matrix is given by (3.48) and
γ† = γ , ξ† = ξ , (4.2)
and we assume the standard action of † on Mat2. Thus, in terms of the separate master
fields one has
W † = −W , U † = −C ⋆ U ⋆ C , (4.3)
ψ† = −C ⋆ ψ¯ , ψ¯† = −ψ ⋆ C . (4.4)
As for the connections, this implies that
W ∈ hs
+
(ν)(+) ⊕ hs
+
(ν)(−) , U ∈
⊕
ǫ,σ
[
u(ν;σ, ǫ)(+) ⊕ u(ν;σ, ǫ)(−)
]
, (4.5)
where hs
+
(ν)(±) = Π+ ⋆ hs(ν) ⋆Π+ ⋆ 12(1± γ) with hs(ν) being the power-series extension
of the real form
hs(ν) =
{
f ∈ Aq(2; ν) | f † = −f
}
, (4.6)
and u(ν;σ, ǫ)(±) = u(νλ;σ, ǫ) ⋆ 12(1± γ) where
u(ν;σ, ǫ) =
{
f =
∞∑
m,n=
fn
mP (ν;σ, ǫ)m
n | (fm
n)† = −fnn
}
, (4.7)
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using the simplified notation
P (ν;σ, ǫ)m
n =
(
P−,−ǫ
)
λσ
ǫ,2m+(1+σ)/2
λσ
ǫ,2n+(1+σ)/2 , (4.8)
for the generalized projectors defined in (3.43). In this notation, we recall that
P (ν;σ, ǫ)m
n ⋆ P (ν;σ, ǫ)m′
n′ = δnm′P (ν;σ, ǫ)m
n , (4.9)
(P (ν;σ, ǫ)m
n)† = C ⋆ P (ν;σ, ǫ)nm ⋆ C , (4.10)
and for non-critical ν we have
STrAq(2;ν)P (ν;σ, ǫ)m
n = −σδnm . (4.11)
As for the fractional spin fields, expanding the ξ dependence as in (2.34) and (2.35), we have
Θ
†
= −Θ ⋆ C , Σ
†
= −C ⋆ Σ . (4.12)
The equations of motion thus take the form
A+ model: F
W −Θ ⋆ C ⋆Θ† = 0 , FU − C ⋆Θ† ⋆Θ = 0 , DΘ = 0 , (4.13)
A− model: FW − Σ ⋆ C ⋆ Σ† = 0 , FU − C ⋆ Σ† ⋆ Σ = 0 , DΣ = 0 . (4.14)
where FW = dW +W ⋆W and FU = dU + U ⋆ U .
4.2 τ projections
One way of truncating further the resulting model is to remove components from (ψ, ψ;U)
that have distinct eigenvalues of w; for example, one may restrict U to u(ν; +,+) and
(ψ, ψ¯) accordingly, and possibly proceed by further level truncations. However, taking into
account the nature of the critical limits, and the fact that truncations by algebra (anti-
)automorphism would be more natural from the point-of-view of an underlying topological
open string, it is more natural to seek to truncate the model by extending the map (2.4)
to the fractional spin algebra. This can be achieved by letting τ act on Mat2 as matrix
transposition and taking12
τ(γ) = γ , τ(ξ) = iξ , (4.15)
from which it follows that
τ(X ⋆ X′) = τ(X′) ⋆ τ(X) . (4.16)
Thus, in the A+ model we may impose the following τ projection
13
A+ model: τ(A) = −A , (4.17)
12The Clifford algebra CliffN (ξ
i) with N fermionic generators ξi obeying {ξi, ξj}⋆ = 2δ
ij has a graded
anti-automorphism defined by τ(f ⋆ g) = (−1)ǫs(f)ǫs(g)τ(g) ⋆ τ(f) and τ(ξi) = iξi where ǫs denotes the
Grassmann statistics and ǫs(ξ
i) = 1.
13The A− model, in which τ
2(ψ,ψ) = −(ψ, ψ), cannot be projected using the basic τ map defined
by (2.4), (4.15) and matrix transposition in Mat2.
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or, equivalently, in terms of the separate master fields,
τ(W ) = −W , τ(U) = −U , τ(Θ) = −iΘ , τ(Θ) = −iΘ , (4.18)
which are indeed consistent with τ2 = πqπξ as well as the equations of motion (4.13). The
τ projection removes the fields in W with odd spin and relates the fields in U arising from
the gauging of u(ν;σ, ǫ) and u(ν;σ,−ǫ), respectively, which we denote as
W ∈ hs
+
0 (ν)(+) ⊕ hs
+
0 (ν)(−) , hs
+
0 (ν) =
{
f ∈ hs
+
(ν) | τ(f) = −f
}
, (4.19)
U ∈
∑
σ
[
u(ν;σ)(+) ⊕ u(ν;σ)(−)
]
, u(ν;σ) = u(ν;σ,+)− τ(u(ν;σ,+)) , (4.20)
using the fact that τ(u(ν;σ, ǫ)) = u(ν;σ,−ǫ) and τ2(u(ν;σ, ǫ)) = u(ν;σ, ǫ).
4.3 Final form of action and couplings
Turning to the gauge couplings, up to boundary terms that we will not specify here,
the canonically normalized higher spin gravitational and internal parts of the action are
defined by
Shs[W ] =
khs
2π
∫
M3
Trhs+(ν)
[
1
2 W ⋆ dW +
1
3 W
⋆3
]
, (4.21)
Sint[U ] =
kint
2π
∫
M3
Tru(ν)
[
1
2 U ⋆ dU +
1
3 U
⋆3
]
, (4.22)
using trace operations normalized as follows:
Trhs+(ν)(Ja ⋆ Jb) =
1
2
ηab , Tru(ν)(Tm
n ⋆ Tm′
n′) =
1
2
δn
′
mδ
n
m′ . (4.23)
In the gravitational sector, the resulting expressions for Newton’s constant and the cosmo-
logical constants read
GN =
ℓAdS
4khs
, Λ = −
1
ℓ2AdS
, (4.24)
while the internal level must be integer provided that the base manifold M3 is compact
and orientable. Comparing (4.23) to
STrAq(2;ν) (Ja ⋆ Jb) =
1
32
(1− ν2)
(
1−
ν
3
)
ηab , (4.25)
which follows using (2.21) and
TrAq(2;ν)
(
Jα(2) ⋆ Jβ(2)
)
= −14 ǫαβǫαβ (1− ν
2)
(
1−
ν
3
)
, (4.26)
and
STrAq(2;ν)
(
(P (ν;σ, ǫ))m
n ⋆ (P (ν;σ, ǫ))m′
n′
)
= −σδn
′
mδ
n
m′ , (4.27)
it follows that
STrAq(2;ν)|hs+(ν) =
1
16
(1− ν2)
(
1−
ν
3
)
Trhs+(ν) , (4.28)
STrAq(2;ν)|u(ν;σ,ǫ) = −2σTru(ν) . (4.29)
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Hence we obtain
khs =
κ
16
(1− ν2)
(
1−
ν
3
)
, kint(u(ν;σ, ǫ)) = ∓σκ , (4.30)
where the ∓ sign is correlated to the fermion/boson model as one can see from (2.45).
Finally, the τ projected A+ model has the following critical limits:
ν = −(2ℓ+ 1) : A ∈
[
gl(ℓ+ 1) (ℓ+ 1, ℓ)
(ℓ, ℓ+ 1) gl(ℓ)
]
= gl(ℓ+ 1|ℓ) , (4.31)
ν = 2ℓ+ 1 : A ∈
[
gl(ℓ) (ℓ, ℓ+ 1)
(ℓ+ 1, ℓ) gl(ℓ+ 1)
]
= gl(ℓ|ℓ+ 1) . (4.32)
Indeed, the gravitational level vanishes, i.e. Newton’s constant diverges, in all cases when
the W field belongs to either gl(0) or gl(1).
5 Conclusion
In summary, we have taken the first steps towards equipping the fractional spin algebra
introduced in [8] with a trace operation suitable for the construction of a Chern-Simons
model that unifies higher spin gravity, internal gauge fields and fractional spin fields. The
model is reminiscent to ordinary Chern-Simons gauged supergraviy [11] and its chirally
asymmetric versions [18]. Indeed, as the fractional spin parameter ν varies, the model
interpolates gl(ℓ+1|ℓ) and gl(ℓ|ℓ+1) models, which arise for the critical values ν = −2ℓ−1
and ν = 2ℓ + 1, respectively. In particular, we have used the star product formalism to
obtain the relation between the gravitational and internal gauge couplings.
In a more abstract sense, the unification of tensorial and fractional spin fields is pos-
sible owing to the existence of different realizations of sl(2,R) in the enveloping algebra
of the Wigner-deformed Heisenberg algebra (3.2) arising upon choosing different bases.
The present model incorporates two such domains of sl(2,R), namely the class of poly-
nomial elements associated with Lorentz tensorial fields, and a class of Gaussian elements
associated with fractional spin and internal gauge fields. Along the construction, we have
made several choices, whereas a full classification of all possible models would require a
more thorough study of the action of sl(2,R) on its enveloping algebra and corresponding
supertrace operations. To our best understanding, this remains an open problem, at least
in the context of physical model building.
To make further progress, and in particular to enrich the sl(2,R) modules by addi-
tional sectors, it would be desirable to use the star product and supertrace operations sensu
amplo. To this end, one may use the method employed in this paper, namely to extend
the polynomial enveloping algebra by non-polynomial elements corresponding to endomor-
phisms in lowest-energy spaces spanned by eigenstates of a Hamiltonian belonging to the
enveloping algebra of sl(2,R). The salient feature of the resulting extended algebra, namely
its associativity and traceability, then follow from the existence of a ground state projector
given by a traceable, i.e. real-analytic, element. In the present paper, the latter condition
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amounts to the finiteness of the normalization coefficient in (3.23), which we checked to
the first 2 orders in w and which we hope to demonstrate in its entirety in a forthcoming
publication within the context of a more convenient realization of the star product.
As for holographic duality, a boundary analysis, possibly along the lines of [23–25], will
reveal whether there exist conditions consistent with the standard ones for internal gauge
fields and higher spin fields. If so, we expect there to exist a map from boundary states to
conformal current algebras, including stress tensors, Kac-Moody currents and intertwining
currents [26, 27]. In particular, it would be interesting to exhibit the boundary states gen-
erated by the fractional spin fields, and also to understand whether and how the level of the
internal gauge connection, and hence Newton’s constant, could be quantized. The holo-
graphically dual description may also shed light on the subtle fact that the ideals that arise
in critical limits disappear from the action, which amounts to limits of infinite coupling.
The results here presented can be extended to formulations of non-topological theories,
namely of the type [28], or by introducing massive anyons (e.g. of [15, 29, 30]) in a fractional
higher spin gravity background, which we expect to present elsewhere.
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A Conventions
We essentially follow the conventions and notation of [12]. We work with metric ηab and
epsilon symbols εabc and ε
abc obeying
ηab = diag(−++)ab , ε
abcεa′b′c′ = −3!δ
[a
a′δ
b
b′δ
c]
c′ , (A.1)
and generators
Lab = −εabcJ
c , Ja =
1
2
εabcL
bc (A.2)
of the Lorentz group obeying
[Lab, L
cd] = 4iδ
[c
[bLa]
d] , [Ja, Jb] = −i εabcJc . (A.3)
We use real van der Waerden symbols
(τa)αβ = (τ
a)βα = ((τ
a)αβ)
† , ǫαβ = −ǫβα = (ǫαβ)
† (A.4)
obeying
(τa)α
β(τ b)β
γ = ηabδγα + ε
abc(τc)α
γ , ǫαβǫγδ = 2δ
α
[γδ
β
δ] , (A.5)
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using the convention qα = ǫαβqβ . A convenient realization in terms of the Pauli matrices is
(τa)αβ = (−1, σ
1, σ3)αβ , (τ
a)α
β = (−iσ2,−σ3, σ1)αβ , (A.6)
ǫαβ = (−iσ
2)αβ , ǫ
αβ = (−iσ2)αβ , ε012 = 1 . (A.7)
In this realization, the operator w = 2J0 =
1
4(q
1 ⋆ q1 + q2 ⋆ q2), i.e. the Hamiltonian of the
deformed harmonic oscillator with deformed momentum 1√
2
q1 and coordinate 1√
2
q2.
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